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Abstract 

We study the features of the vacuum of the harmonic oscillator in the 
Moyal quantization. The vacuums with and without using the normal 
ordering look different. The vacuum without the normal ordering is 
shown to be expressed using the Weyl ordering. The Weyl ordered 
vacuum is then compared with the normal ordered vacuum, and the 
implication of the difference between them is discussed. 
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Many people are interested in the noncommutative approach because it 
is the geometrical quantization using the functions. One may hope to con- 
struct the quantum theory of gravity using the feature. In the definition of 
the Moyal bracket, there appears one parameter [JJ. It plays the role of the 
spacing between lattice points, when we formulate the soliton equations in 
terms of the zero curvature equation with the Moyal bracket 0. The same 
parameter is the Planck's constant in the Moyal quantization which may be 
interpreted as the "spacing" of the Energy levels. This may allude the link 
between the completely integrable models and the quantum theory. 

Lately the noncommutative soliton solutions are found by making use 
of the correspondence of the Moyal bracket and the operator formalism where 
the normal ordering is adopted to construct the states. However, one of the 
advantages of using the Moyal quantization lies in the fact that we use the 
functions instead of the operators. We should discuss the features of the 
Moyal quantization without resort to the operator formalism. 

One of the best way to understand the features of the Moyal quanti- 
zation should be to apply it to the familiar problem such as the harmonic 
oscillator, and learn lessons from it. In the Moyal quantization of the har- 
monic oscillator, we do not introduce the normal ordering as in the operator 
formalism. We obtain the vacuum by using the star product. Then other 
states are constructed algebraically without resort to the operator formal- 
ism. It is algebraic because, instead of solving the differential equation, the 
states are obtained algebraically by making use of the Dirac's Hamiltonian 
factorization j|, ||]. The correspondence between the * genstates0 and the 
solutions obtained by solving the differential equations is direct. We can 
construct the states starting with the vacuum. 

On the other hand, we can also define the vacuum using the normal 
ordered product in analogy with the operator formalism. Consequently there 
appear two vacuums which do not look like the same. In order to compare 
two vacuums we first show that the functions in the case that does not adopt 
the normal ordering is expressed by using the Weyl ordering, and then reorder 
this to the normal ordered one to make a comparison. These vacuums are 
explicitly shown without resort to the operator formalism. The difference 
between two vacuums are made clear, which would help us to understand 
the Moyal quantization. 

We first recapitulate the notation of the Moyal algebra. The star product 
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for functions / = f(q,p) and g = g(q,p) is denned by 



/ * g = exp 



(d d d d N 
\dqdp dpdq 



/(x)p(x)| x=s , (1) 



where x = (q, p) and x = (g, p) and they are set equal after the derivatives 
are taken. 

In the analysis of the harmonic oscillator, it is more convenient to use 
the variables z and its complex conjugate z instead of the variables q and p. 
They are defined by 

z = q + ip, (2) 
z = q — ip. (3) 

We list up some formulas of the star products of these variables: 

z*f(z,z) = (z + h-jj=)f(z,z), (4) 

d 

z*f(z,z) = (z-k—)f(z,z), (5) 

d 

f(z,z)*z = (z-h—)f{z,z), (6) 

f(z,z)*z = (z + hj-)f(z,z). (7) 

Throughout this paper, we denote the star product commutation relation 
(CR hereafter) of f(z, z) and g(z, z) as 

[f(z, z),g(z, z)\ = f(z, z) *g(z, z) - g(z, z) -k f(z, z). (8) 

By using the above formulas and the definition of CR, we obtain the CR 
between z and z: 

[z,z} = 2h, (9) 

which permits the interpretation that z plays the role of the annihilation 
operator and z the creation operator. By normalizing them we introduce the 
variables a and a* by 



Then we can rewrite the above star product CR as 

[a, a f ] = h. (12) 

It is easy to derive 

[z,{zz) n ] = 2hnz n - 1 z n , (13) 
[z,(zz) n ] = -2hnz n z n -\ (14) 

Here the value n appearing in the coefficients on the RHS can be understood 
as the degree of z and z, respectively. 

Let us consider the classical Hamiltonian of the harmonic oscillator given 

by 

"=£+4 (i5) 

where we shall assume m — k — 1 hereafter. This is rewritten by using the 
star product of the variables z and z as 

H= 1 -(p 2 + q 2 )= 1 -zz=±(z*z + h). (16) 

By quantizing the Hamiltonian by use of the Moyal method, the eigenfunction 
fn(x) belonging to the Energy level (n + |)7i(n=0,l,2- ■ ■) is obtained, and it 
is expressed by using the Laguerre polynomial L n {x) as 

f n (x) = e~L n (2x), (n = 0, 1, 2, • • •), (17) 

where x = (q 2 +p 2 )/2. The eigenfunction f belonging to the lowest level 
reads in terms of the star product 

2x_ zz_ 

fo = e « = e « . (18) 

This deserves to be called the vacuum, because we can show that it is anni- 
hilated by z which plays the role of the vacuum annihilation: 

zz 

Z-k - e r 

n=0 ' b - U 

OO I I OO -I I 

\n-n„n+l \ ^ x ( ± \n-l=n-l,n 



E 3(-*) B * B * B+1 - E 



n=0 



nl 



z z ' 



0. (19) 
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We can similarly show that 



e -ir*z = 0. (20) 

The higher states are constructed by repeatedly operating z from left and z 
from right by the star product on the vacuum. 

On the other hand, it has been well known that the one dimensional 
harmonic oscillator is described by the creation and annihilation operators. 
The vacuum is defined by 

: e-~ :, (21) 

where the double dots denote the normal ordering and the operators a) and 
a. They satisfy the operator CR: 

[a, a^] op r = aa' — era = h, (22) 

which shows the isomorphism of the operator CR to the star product CR 
given in flT2"|). 

As an analogy of the operator formalism, we can define the vacuum. We 
first define the normal ordering of the star products. The correspondence to 
the operator formalism is straightforward in this case. When all the are 
set to the left of a, we call it normal ordered in the same way as the operator 
case. We denote the normal ordering of m and n a by using the same 
double dots as in the operator product 

: (o}) m a n := a) -k a) -k ■ ■ ■ a) -k a -k a -k ■ ■ ■ -k a. (23) 

By making use of the isomorphism of the CR of the creation and annihilation 
operators and the star product CR of a and a', we define the vacuum by 



:= 1 + {~j) a - ka + ( _ ^) a -ka) -ka-ka^ . (24) 



Then we can show that 



_ a 1 *a 

a-k : e n 

OO 



11 00 1 1 



n=Q n\ H ' ' ' ^i(n-l)! h 
0, (25) 



5 



where the second term in the middle equation appears as the result of the 
star product CR when a multiplied from left passes through n a? . We can 
similarly show that 

*a j. , . 

: e~— : *aJ = 0. (26) 

Now we have obtained two kinds of the vacuums for the same Hamiltonian 
of the harmonic oscillator, one is with the normal ordering fllTf) and the other 
is without it (BID. The former is rewritten as 



-,t. 



v e -— ~ e~~ } (27) 



which should be compared with the vacuum (|2T| ) defined using the normal 
ordering. They do not look like the same at first glance. This should be 
pursued and we try to clarify this point in the present paper. One might 
think that all we have to do is just to reorder the above expression to the 
normal ordered one and compare it with the normal ordered vacuum, but 
things are not such easy. There is a problem, that is, the above expression 
is not fully expressed in terms of the star products when it is expanded. 
This does not occur as far as we use the operators. Despite the CR of the 
operators and the star product CR are of the same form, as far as the star 
products appear in the exponent, the difference from the operator formalism 
becomes manifest. Therefore we should be careful in its algebraic treatment. 
The expansion of the vacuum is given by 

C -*S* = 1 + (-*** + *) + + + + ■ ■ ■ . (28) 

a 2! n n 

Here we should note that 

. Z-kZ + fl., ZkZ + h. , , ZkZ + h. , ZkZ + h. , . 

( ^ K ^ * ( ^ ^ ( ^ ^ 

which makes it difficult to express all the products in terms of the star prod- 
ucts only. 

In order to make it possible to compare this with the normal ordered one 
where each term is expressed in terms of the normal ordered products, we 
first show that {zz) n is expressed by using the Weyl star product of z and 
z which is made of the sum of all the possible permutations of products of 
n z and n z divided by the number of the permutations. We shall denote 
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the Weyl ordered star product of m z and n z as {z m z n )w- By denoting the 
sum of the possible permutations of the star products of m z and n z by 
Perm(z m , z n ), it is written as 

(z m z n )w = - f \, Perm(z m ,z"). (30) 
(m + n)\ 

We show that 

(zz) n = (z n z n ) w . (31) 
It is easy to see that this holds for n = 1 case: 

zz = (zz)w = ~(z * z + z * z). (32) 

In order to prove this in general, we make use of the CR of (z n z n )w with 
z and z by which the degree of z and z are measured, respectively, as we 
mentioned before in and fll4[) . 



We first show that 

i{z * (^ n V - (z n z n ) w *z} = nh{z n ~ x z n ) w . (33) 

In order to prove this, we let z operating from left on (z n z n )w in the 1st term 
on the LHS pass through it. Every time it passes through z it leaves a term 
proportional to 2h as can been seen from the CR (|9]). Note that there are n z 
in every term of (z n z n )w The number of produced terms is n x (2n!)/ (n!) 2 = 
(2n!)/(n!(n — 1)!). Therefore when z passes through all the terms, we are 
left with the sum equal to the 2nd term on the LHS and the sum of the 
newly produced terms. The newly produced terms are obtained by dropping 
z impartially whenever z passes through z, they constitute [z n ~ x z n )w , but 
some terms are identical. The multiplicity is obtained by dividing the number 
of the produced terms by the number of terms in (z n ~ l z n )y/ , which becomes 
In. These steps are shown below: 

l -{z*{z n z n ) w -{z n z n ) w *z} 

K -{z ★ Perm(z n z n ) w - Perm(z n z n ) w * z} 



2 



2 (2n)\ 

1 (n!) 

2 (2n)! 



(2^)(2n)Perm(z n - 1 z n ) w 
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= (2^l)! nPerrn( ' n ZD)W 

= nh(z n ~ l z n ) w . (34) 

We can rewrite the above formula ([33|) in the CR form. We write it here 
together with other CR which is shown in the similar way: 

[z,(z n z n ) w ] = 2hn(z n ' 1 z n ) w , (35) 
[z,(z n z n ) w ] = -2hn{z n z n - l ) Wl (36) 



which show that the degrees of z and z are both n as was discussed in Eqs. (|13|) 
and (Pj). 



Let us next show that 

l -{z * (z n z n ) w + (z n z n ) w *z} = (z n z n+1 ) w . (37) 

To estimate this, we pick up a term in (z n z n )w and let z move among z 
simultaneously from left and right. Since z commutes with other z in the 
term, we do not need to take them into account. In passing through z, every 
time z hits z and passes through it, it creates a term proportional to 2Ti by 
using the CR ([5]). Depending on the number of z which z passes through, 
the coefficients of the new terms differ. We say the i-th (i = 0, 1, 2, • • • , N) 
position when there are i z to the left of the position. Note that it is the 
(N-i)-th position counting from right. When we let z pass from left to the 
i-th position, the produced term is proportional to i, while it is -(N-i) when z 
reaches there from right. In order to make an impartial distribution of z, we 
repeat such a procedure (N+l)times varying the position i from to N. Then 
note that the positions with the small numbers are passed over many times 
by z coming from left, and a little from right. Taking these into account, the 
newly produced terms are estimated to be proportional to 

ix (N-i) -(N-i) xi = 0. (38) 

Thus they cancel each other, and in the remaining terms z are evenly dis- 
tributed by construction and so it is proportional to Perm(z n , z n+1 ). Since 
some of the terms are identical we have to evaluate the multiplicity M which 
is obtained as 

2(n + l)£$ 2(n + l) 2 
M= \ 9 -jg = Z[n + i) . (39) 
/ 2 "+V 2n + l v ; 

(n+l)!n! 



8 



Thus the LHS of Eq.fl3T|) reads 

l{ z *(z n z n ) w + {z n z n ) w *z} 
1 (nl) 2 

-Az* Perm(z n , z n ) + Perm(z n , z n ) * z} 



2 (2n)! 

1 (n!) 2 
2(n + 1) (2n)! 

1 W) 2 



2(n + 1) (2ra)! 

x Perm(z n , z 



{(n + l),2*Perm(z n ,z n ) + (n + l)Perm(z n , z n ) * z} 
x M x Perm(z n ,z n+1 )) 



(2n + 1)! 

= (z n z n+1 ) w . (40) 

By using above formulas ( |33| ) and fl3"T|) , we eventually arrive at one of the 
most important formulas in the present discussion. Since 

z*(z n z n ) w 
= l -{z*{z n z n ) w + {z n z n ) w *z} 

+ ±{ z *(z n z n ) w -(z n z n ) w *z} } (41) 

we obtain 

z * (z n z n ) w = {z n z n+l ) w + nh{z n ~ x z n ) w . (42) 
In the similar way, we can show that 

(z n z n ) w *z = (z n z n+l ) w -nh(z n - l z n ) w , (43) 
z*(z n z n ) w = (z n z n+l ) w -nh(z n - l z n ) W} (44) 
{z n z n ) w *z = {z n z n+1 ) w + nh{z n ~ l z n ) w . (45) 

Now that (zz) n are expressed in terms of the star products of z and z by 
the Weyl ordered form, so is the vacuum: 

00 —1 1 

= E(^r-T^VV- (46) 

n=l 11 
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We can make sure that this is is really the vacuum by using the above for- 
mulas: 



z-k e n 
00 -1 1 

00 -1 1 

E(l-)"^((^ n+1 V + nh{z n - l z n ) w ) 

n=l n U - 

0, 



(47) 



and 



e n * z 

n=0 lb 
00 —1 1 

E(^) n ry((^ + * n )w + nh(z n z^) w ) 

n=l 11 n - 

0. 



(48) 



Here Eqs. ([42|) and (p5|) are used. 

We have shown that there are two kinds of vacuums and they are both 
expressed in terms of the infinite series of the star products of z and z. In 
order to find their relations, we rewrite the Weyl ordered vacuum by using 
the normal ordering and then compare it with the normal ordered vacuum. 

In the operator formalism, it is known that, by using the Wick's theorem, 
one can reorder the Weyl product to the sum of the normal ordered product 
times the propagators. Also in the star product case, the similar theorem 
holds. We give the results for small n and try to find some rules appearing 
there. (z n z n ) n for small n are 



(zz] 


w — 


: zz : +h, 




(49) 


z 2 z 2 : 


w — 


: z 2 z 2 : +4h : 


zz : +2h 2 } 


(50) 


z 3 z s : 


w = 


: z 3 z 3 : +9H : 


z 2 z 2 : +18^ 2 : zz : +6h 3 , 


(51) 


z*z 4 : 


w — 


: z 4 z 4 : +16ft 


: z 3 z 3 : +72K 2 : z 2 z 2 : +96fr 3 : zz : 












(52) 


z 5 z 5 : 


w = 


: z 5 z 5 : +25h 


: zV : +200H 2 : z 3 z 3 : +600^ 3 : z 2 z 2 : 
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+60h 4 : zz : +120H 5 , (53) 
(z 6 z 6 ) w = : z 5 z 5 : +36h : z 5 z 5 : +A50H 2 : zV : +2000ft 3 : z 3 z 3 : 

+5400ft 4 : z 2 z 2 : +4320ft 5 : : + 720ft 6 . (54) 

We shall expand the Weyl ordered vacuum in terms of the power of 1/h by 
substituting these results into the vacuum expression: 

22 

e * 

00 -1 1 

= E(!-r-T(^ n v 

n=0 ' 4 ' 4 - 

, , , 2 6 24 120 720 

= 1 + (- 1 +2!-3! + 4!-ir + -6T-'" ) 
, 1„ , 4 18 96 600 4320 

+( -R )( - 1 + 24-¥ + ¥-^ + — 

1 2 1 9 72 600 5400 _ 2 2 

+( -»' ( 2T 3! + 4! ~ IT + "6! ): ** : 

+ 0((I)») 

= l + (-l + l-l + l-l + l — ) 

- 2 + 3-4 + 5- 6 + -- •) : 32 : 

+ (-i) 2 i(l - 3 + 6-10 + 15-...): * 2 * 2 : 

+0((i) 3 ). (55) 

This shows that, in the coefficients of each order of 0((|) n ), the alternating 
series appear and they are not convergent. In order to find some relations 
with the normal ordered vacuum of which the coefficient is convergent, we 
shall study the alternating series in detail. For the purpose of evaluating 
these series, we truncate the infinite series at (jr) N and calculate the finite 
sum. They are given by 

✓->/■, \ -. i / i\N f — 1 , for odd N 

°W ' -l + l- + (-l) JV = { 0> forevenN (56) 

0{\) ; l-2 + 3-... + (-l)-iV={"f ' !° roddN N (57) 
h y — for even N v ' 



11 



0((i) 2 ) ; l- 3 + 6-10 + 15 + --- + (-l) jV+l iV(iV + 1) 

lb Zi 

(Jv±l)2 > f or dd N 



■^1. for even N 



(58) 



If the limit of the infinite series should exist, they should be obtained by 
taking iV — > oo. However as is seen from above, they are oscillating and 
divergent. We also note that the way of divergence is different for the iV=even 
case and iV=odd case. At this point we might conclude bluntly that the 
normal ordered vacuum and the Weyl ordered vacuum are different. But if we 
are generous enough, we note an intriguing feature from the above expansion. 
If we should get rid of the oscillating part at 0(1) and the divergent part at 
O(jr) and 0((^) 2 ) and take N — > oo limit while keeping N odd, the remaining 
term becomes 

<■* ~ 1 + <-S>5 :fa: 4<-S>*J :iV 

= l + (-I):ata:+i(-i) 2 : a'V : +0(^). (59) 

This suggests that the regularized Weyl ordered vacuum which we shall de- 
note as (e~"s ) reg reads 

. zz v *a , , 

(e--) rcg =: e"— : . (60) 

Although we adopted a little bit artificial assumption such that N should 
be odd in taking N — > oo, the result seems reasonable from the physical 
viewpoint concerning the normal ordered product in the operator formalism, 
which is introduced to get rid of the infinities. Also in the star product case 
we encounter such infinities in the Weyl ordered vacuum, and the finite terms 
coincide with the normal ordered vacuum up to 0((^) 3 ). 

In summary, we showed two kinds of vacuums of the harmonic oscillator 
in the Moyal quantization with and without the normal ordering. These are 
studied within the star product framework without resort to the operator 
formalism. The direct counterparts to the Laguerre polynomial solutions are 
the states which is based on the vacuum with the Weyl ordering. However 
when we study the vacuum in detail, it is divergent, which may be evaded 
by adopting the normal ordered vacuum instead. But it would be done in 
compensation for the loss of clear correspondence between the functions and 
* genstates. 
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